Homework 6: Solutions to exercises not appearing in
Pressley

Math 120A

o (4.2.14) Let f(z) = 23+ 3(y? + 2?)* — 2. Then the gradient of f is Vf = (322, 12y(y? +
2%),122(y* + 2?)), which is zero only when z = y = z = 0. Since (0,0,0) is not a
solution to f(z) = 0, we see that V f # 0 at all solutions to f(x) = 0, so the level set
{(z,y,2) : f(x) =0} is a surface.

(4.4.5) We have a parametrization of the torus

a(0,¢) = ((a+ bcosh) cos ¢, (a+ bcosb) sin ¢, bsin )

whose restriction to (0,27) x (0,27) is a surface patch containing § = ¢ = 7. The
partial derivatives of o are

0p = (—bsin 0 cos ¢, —bsin fsin ¢, b cos )
s = (—(a+bcosB)sing, (a + bcosh) cos ¢, 0)

At 0 = ¢ = 7, these vectors are

Ou = (%b%b %) = g(—1,—1,\/§)

—a b a b a b
Oy = ___7__'__70 =|l—=+= _17170
(\/5 2'v2 2 ) (\/5 2) ( )
Therefore the normal vector to the plane spanned by oy and oy is

(—=1,—1,v2) x (=1,1,0) = (—=v2, —V/2,=2) = —v/2(1,1,V/2)

Ergo the tangent plane is = + y + v/22 = 0.

(Question 3) A surface patch for R? is the identity map o; : R* — R? C R? with
(x,y) = (z,9,0). Then if o is the parametrization of the torus from (4.2.5), we see
that ' o fooy(¢,0) = (2rx, 27y) wherever it is defined. The Jacobian of this map is
27l everywhere, where [ is the 2 x 2 identity matrix, and in particular always invertible.
Therefore Dy, f is an invertible linear matrix everywhere, and we conclude that f is a
local diffeomorphism.



